The holographic complexity of a 3 + 1-dimensional Lifshitz spacetime having a scaling symmetry is computed. The change in the holographic complexity between the excited state and the ground state is then obtained. This is then related to the changes in the energy and the entanglement chemical potential of the system. The calculation is carried out for both the values of the dynamical scaling exponent z in the Lifshitz spacetime. The relations has a very similar form to the corresponding relation involving the change in entanglement entropy known to be an analogous relation to the first law of thermodynamics.
Introduction
Quantum entanglement [1] - [7] between two subsystems A and B for a given pure state can be characterized by a quantity called entanglement entropy (EE) and has been an important topic of intense research in the field of quantum information. It has also been realized that quantum information may be an useful tool to study black hole physics. The AdS/CFT correspondence on the other hand has been one of the most remarkable theoretical developments in providing deep insights in the realm of quantum gravity, black hole physics and strongly coupled condensed matter systems. This has led to the idea of constructing holographic gravitational descriptions of quantities relevant in the field of quantum information.
A holographic description of quantum entanglement known as holographic EE [8, 9] has been an important line of recent activity and has proved to be useful in computing the EE of conformal field theories [4] - [6] . The usefulness of EE is also manifest in describing systems away from equilibrium. In this context, an important question that has been asked in the literature [10] is whether an analogous relation to the first law of thermodynamics holds good in this case also. The answer to this question was found in the affirmative [10] . The change in EE was found to be proportional to the change in the energy of the system for sufficiently small subsystems. The constant of proportionality was found to be related to the size of the entangling region and was identified with the inverse of some temperature, named to be the entanglement temperature. The resemblance of the change in EE with the first law of thermodynamics was also confirmed in [11] where they computed the change in EE between an excited state of an AdS spacetime and pure AdS spacetime. However, the analysis in these cases were restricted to the relativistic systems. In [12] , the question was addressed in the case of a non-relativistic system, the well known Lifshitz system in 3 + 1-dimensions. The excited state that was considered there was non-isotropic. This resulted in the addition of an extra term in the change in entropy and was identified with an entanglement chemical potential.
Quantum complexity is another quantity which has been proved its importance in understanding the properties of horizons of black holes. The quantity intuitively indicate how difficult it is to map a system in a given state to another state. Motivated from studies in the holographic description of EE, investigations have been initiated in providing a holographic dual description of quantum complexity using the AdS/CFT correspondence. A prescription to compute the holographic complexity (HC) was proposed in [13, 14] . The prescription tells that for subsystem A in the boundary, if V (γ) denotes the volume enclosed by the minimal hyper surface in the bulk, then the holographic complexity is given by
where R is the radius of curvature of the spacetime. In case of an asymptotically AdS spacetime, R would be the AdS radius. This quantity was computed in AdS d+2 geometry in [15] . In this paper, we shall compute the HC for the non-relativistic Lifshitz system in 3+1-dimensions. We shall first compute it for the pure Lifshitz spacetime and then for the excited state. This would give us the change in the HC between the perturbed and the pure Lifshitz spacetimes. We would then try to relate this change with changes in the energy and entanglement chemical potential. We shall carry out this analysis for both the values of the dynamical scaling exponent z appearing in the Lifshitz spacetime. The paper is organized as follows. In the next section, we compute the change in the HC between an excited state of the Lifshitz spacetime and the ground state. We then relate it to the components of the holographic stress tensor. We conclude in section 3.
Holographic complexity for Lifshitz spacetime
In this section we will first compute the HC, that is the Ryu-Takayanagi (RT) volume with a strip geometry for the unperturbed Lifshitz spacetime. We shall then compute the HC for the perturbed Lifshitz spacetime which corresponds to the excited state. This is in turn would lead to the change in the HC between the excited and the unperturbed Lifshitz spacetimes. To begin with we shall present a brief description of the set up needed to compute the holographic complexity for the Lifshitz spacetime. The four dimensional Lifshitz metric reads [16] 
The spacetime is the gravitational dual of a 2+1-dimensional quantum many body system with a Lifshitz symmetry near its quantum critical point. This solution can be obtained from the equations of motion following from the action [17, 18] 
with the choice Λ = − 1 2
(z 2 + z + 4) for the cosmological constant and m 2 = 2z, A µ being a massive gauge field. It is evident that the above metric has the scaling symmetry t → λ z t, x → λx, y → λy, r → λ −1 r, where z is the dynamical scaling exponent. The entangling region in the boundary is taken to be a straight belt with width ℓ such that −
and 0 ≤ y ≤ L, where L is the extent of the subsystem in the other spatial direction. Since the strip has translational invariance along the direction y, one can describe the profile of the extremal surface by x = x(r). With this set up in place, we can now proceed to compute the RT volume enclosed by the minimal surface extending from the boundary into the bulk. In this case, this is given by
where r (0) t is the turning point at which r ′ (x) = 0. To obtain the minimal surface x(r), we write down the RT area functional considering r = r(x). This is given by [8, 9] 
where ′ denotes derivative with respect to x. The minimization of this area functional determines the function r ′ (x) which reads
This now leads to
Substituting the above expression for x(r) in eq. (4) and putting a cut-off δ for the r integral, we have
where we have ignored terms of order 1/δ since they are small. Substituting eq.(6) in eq. (5) and once again using the cut-off δ for the r integral and ignoring terms of order 1/δ, we get
From eq.(6), we also have
We know that the HC is proportional to the volume enclosed by the minimum surface extending from the boundary into the bulk, which in this case is given by
This is the HC for the ground state of the Lifshitz spacetime.
We shall now proceed to calculate the HC for the perturbed Lifshitz metric [16] 
This can be considered as the excited state of the Lifshitz spacetime. An asymptotically Lifshitz spacetime results when h tt (r), h xx (r), h yy (r), v 1x (r), v 2x (r), v 1y (r), v 2y (r), h xy (r), and a t (r) → 0 as r → ∞. One can now define
Substituting this in eq.(3), the linearized action can be obtained [16] . The solutions obtained by solving the equations of motion (in the radial gauge) resulting from the linearized action have the form [16, 19, 20] 
and for z = 2
where
, c 1 , c 2 and t d2 are constants of integration. With this set up in place, we can now move on to compute the HC for the perturbed Lifshitz metric (12) . This in turn would lead to the change in complexity due to the change in the metric. In the computation of the complexity of the excited state, we shall keep the length of the entangling region ℓ fixed. Now as the entangling region is same but the metric is perturbed, hence the turning point changes. Let r t be the new turning point such that r t = r (0) t + δr t , where δr t is the change in the turning point. As in the unperturbed case, we start by considering the minimal surface to be parametrized by x = x(r). The volume in the part of the bulk geometry enclosed by the minimal surface is given by
To determine x(r), we once again start by writing down the area as a functional of the minimal surface r = r(x). This reads
Regarding x as a time, one can easily obtain the Hamiltonian which does not depend on x. This in turn leads to
where Q is a constant of integration. This gets fixed by the fact that r ′ (x) = 0 at the turning point r = r t . Hence we have
Eq. (18) determines the minimal surface r = r(x) or x = x(r).
Integrating eq.(18) from x = 0 to x = ℓ/2 assuming that the h's are small, we obtain upto first order in h
where f 2 (r, r t ) = (r/r t ) 4 − 1. Now since we keep ℓ fixed, therefore we also have
Equating the above two expressions gives
Requiring δr t = 0 [11] leads to the following condition on the perturbations
. (24) Further since δr t = 0, we have r t = r (0) t in all the equations. Using this condition in eq.(s) (17, 18) yields
and the same expression for x(r) as in eq. (7). Substituting the form of x(r) (in eq. (7)) in eq. (16) and keeping terms upto first order in h, we obtain
Note that since we are considering small perturbations around the background spacetime, h(r)'s are small. This in turn implies that the turning point r t is close to the boundary. However, since r = ∞ at the boundary and ℓ is inversely related to r t , hence ℓ is small.
The change in HC due to the perturbation of the Lifshitz spacetime is given by
.
Now we make use of the expressions for the perturbations to compute the HC explicitly. For z = 2, substituting the expressions for h xx (r) and h yy (r) from eq.(s)( (13)) and (14)), we obtain
Our next step is to express the change in HC (∆C A ) in terms of the holographic energymomentum tensor. The various components of the stress tensor can be found by varying the action with respect to the boundary metric. The expressions for the energy and pressure densities in terms of the functions defined earlier read [16] T tt = −r z+2 2r∂ r k(r) + α 2 zj(r) + r∂ r j(r) + 1 2 r∂ r f (r)
Substituting the forms of the functions for z = 2 (given in eq. (14)) in the above expressions [12] , we have
Substituting c 2 from eq.(31) in eq. (28), we obtain
Now using the fact that the total energy, entanglement pressure, entanglement chemical potential of the excited state and charge are given by [12] 
the above expression for the change in the HC can be recast as
with
and T ent is the entanglement temperature
appearing in the expression for the first law of entanglement thermodynamics for an excited state of the Lifshitz spacetime [12] 
It is to be noted that the change in pressure ∆P x does not appear in the expression for the change in HC in contrast to the expression for the change in the holographic EE. Note that the origin of ∆P x in the change in EE (∆S) is due to the presence of the t d2 term (related to ∆P x ) in ∆S [12] which arises from the combination h yy (r) + rt r 4 h xx (r).
However in the case of ∆C A , the combination h xx (r) + h yy (r) arises which results in the cancellation of the t d2 term responsible for the origin of ∆P x . We can recast eq.(37) in another form. Rewriting eq.(37) as
and equating this with eq.(40), we have
This expression relates the change in the HC with the change in holographic EE, change in pressure and the change in entanglement chemical potential.
We now compute the change in the HC from eq.(27) for z = 2. For this we substitute the expressions for h xx (r) and h yy (r) from eq.(s) (13) and (15) .
To relate the change in HC with the change in EE, we once again we rewrite eq.(49) as
and equate with eq.(51) to get
Conclusions
In this paper, the holographic complexity of a 3 + 1-dimensional Lifshitz spacetime has been computed. The same has been computed for the perturbed Lifshitz spacetime by considering subsystems with the entangling region sufficiently small in size. This has led to the result for the change in holographic complexity between the excited state and the ground state of Lifshitz spacetime. The analysis has been carried out for both the values of the dynamical scaling exponent z appearing in the Lifshitz spacetime. The change in the holographic complexity is then expressed in terms of the components of the holographic stress tensor which in turn is related to the change in the energy and the entanglement chemical potential. It is observed that the change in pressure does not arise in the expression for the change in the holographic complexity in contrast to the change in entanglement entropy.
